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Abstract. Let / : X — > Y be a morphism between normal complex varieties, 
where Y is Kawamata log terminal. Given any differential form a, defined on the 
smooth locus of Y, we construct a "pull-back form" on X. The pull-back map ob- 
tained by this construction is ^y-liriear, uniquely determined by natural universal 
properties and exists even in cases where the image of / is entirely contained in 
the singular locus of Y. 

One relevant setting covered by the construction is that where / is the inclu- 
sion (or normalisation) of the singular locus Yging . As an immediate corollary, we 
show that differential forms defined on the smooth locus of Y induce forms on ev- 
ery stratum of the singularity stratification. The same result also holds for many 
Whitney stratifications. 
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1. Introduction 

1.1. Introduction and statement of main result. Differential forms and sheaves 
of differentials are fundamental objects and indispensable tools in the study of 
smooth varieties and complex manifolds. It is well-known that for singular spaces, 
there is no single notion of "differential form" that captures all features of the 
smooth case. Instead, there are several competing definitions, each generalising 
certain aspects. The following two classes of differential forms are particularly 
important. 
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Kahler differentials: Uniquely determined by universal properties, Kahler dif- 
ferentials are the most fundamental notion of differential form. Their univer- 
sal properties imply that Kahler differentials can be pulled back via arbitrary 
morphisms, and closely relate them to problems in deformation theory. 

The sheaf of Kahler differentials on a scheme X is denoted G^. As a sheaf 
of ^x'lTiodules, is usually rather complicated and has both torsion and 
cotorsion, even if X is reduced. This makes Kahler differentials rather hard 
to work with in many cases of practical interest. 

Reflexive differentials: Given a normal complex variety X, a reflexive differen- 
tial on X is a differential form defined only on the smooth locus, without 
imposing any boundary condition near the singularities. Equivalently, a re- 
flexive differential is a section in the double dual of the sheaf of Kahler dif- 
ferentials. Denoting the sheaf of reflexive differentials by O^', we have 

nW = (n^)" = .,(ny, 

where i : X^eg — > X denotes the inclusion of the smooth locus. Since the 
^X'l^odule structure is comparatively simple, reflexive differentials are offer 
quite useful in practise. Reflexive differentials arise naturally in a number of 
contexts, for instance in positivity results for differentials on moduli spaces. 
Note that the dualizing sheaf is always a sheaf of reflexive differentials, oJx = 

j-j[dimX]_ 

Reflexive differentials on kit spaces. Reflexive differential forms do not generally sat- 
isfy the same universal properties as Kahler differentials. However, it has been 
shown in a previous paper [GKKl^ll] that many of the functorial properties do 
hold if we restrict ourselves to normal spaces with Kawamata log terminal (kit) 
singularities. The following theorems summarises one of the main results in this 
direction. 

Theorem 1.1 (Extension Theorem, [GKKPll, Thm. 1.4]). Let Y be a normal variety 
and f : X ^ Y a resolution of singularities. Assume that there exists a Weil divisor D on 

Y such that the pair (Y, D) is kit. If 

creH\Y,n¥)=H\Y,,„ 

is any reflexive differential form on Y, then there exists a differential form t E (X, G^) 
which agrees on the complement of the f -exceptional set with the usual pull-back of the 
Kahler differential u | y^^^ . □ 

Theorem 1.2 (Pull-back morphisms in special cases, [GKKPll, Thm. 4.3]). Let f : 

X ^ Y be a morphism of normal varieties. Assume that there exists a Weil divisor D on 

Y such that the pair (Y, D) is kit, and assume that the image of f is not contained in the 
singular set Ygi^g. Then there exist pull-back morphisms of reflexive forms, 

d,eaf ■■ /*nP ^ g|1 and d^^af : H°(Y, dp) H°(X, gJ'), 
which agree with the usual pull-back of Kahler differentials wherever this makes sense. □ 

Theorems 1.1 and its corollary. Theorem 1.2, allow to study reflexive differen- 
tials in the context of the minimal model program. These results have been ap- 
plied to a variety of settings, including a study of hyperbolicity of moduli spaces 
[KKIO]^, a partial generalisation of the Beauville-Bogomolov decomposition the- 
orem [GKPll] and deformations of Calabi-Yau varieties [Koll2]. 



see [Kebll] for a survey 
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Main result of this paper. The main result of this paper asserts the existence of a 
useful pull-back morphism in a more general setting. 

Theorem 1.3 (Existence of pull-back morphisms in general, compare Theorem 5.2). 

Let f : X ^ Y be any morphism between normal complex varieties. Assume that there 
exists a Weil divisor D onY such that the pair (Y, D) is kit. Then there exists a pull-back 
morphism 

uniquely determined by natural universal properties. 

Remark 1.4 (Reference to precise statement). The "natural universal properties" 
mentioned in Theorem 1.3 are a little awkward to formulate. Precise statements 
are given in Theorem 5.2 and Section 5.3. In essence, it is required that the pull- 
back morphisms agree with the pull-back of Kahler differentials wherever this 
makes sense, and that they satisfy the composition law. 

Discussion of the main result. It should be noted that Theorem 1.3 does not require 
the image of / to intersect the smooth locus of Yreg- One particularly relevant set- 
ting to which Theorem 1.3 applies is that of a kit space Y, and the inclusion (or 
normalisation) of the singular locus, say f : X = Ygj^g — > Y. It might seem sur- 
prising that a pull-back morphism exists in this context, because reflexive differen- 
tial forms on Y are, by definition, differential forms defined on the complement of 
Yging, and no boundary conditions are imposed that would govern the behaviour 
of those forms near the singularities. 

In essence. Theorem 1.3 asserts that differential forms defined on the comple- 
ment of Yging determine forms on Ygj^g. The following immediate corollary gives a 
precise formulation. 

Corollary 1.5 (Extension across the singularity stratification). Let Y be a normal 
complex variety with kit singularities. Define a stratification of Y by disjoint, locally 
closed, smooth subvarieties, {Y^)o<i<k ^ Y, as follows. Consider the chain of closed 
subvarieties, 

Y = Y° D Y^ D Y^ D ■ ■ ■ D Y*' = 0, where Y'+^ := Y':„^. 

Given any index i, let Y' be the smooth locus ofY', that is, Y' := Y^gg. Then, given any 
differential form 

croeH\Y', n^o) =HO(Yreg, n^, 

we obtain a sequence of induced forms cr,- G H^(Y\ n^;),/or all < i < k. □ 

Remark 1.6. The singularity stratification defined in Corollary 1.5 is the coarsest 
stratification whose strata are locally closed and smooth. The conclusion also 
holds for finer stratifications, such as Whitney stratifications used in the discus- 
sion of intersection homology and perverse sheaves. 

1.2. Optimality of the result. The following two examples show that it is gener- 
ally not possible to construct reasonable pull-back morphisms for reflexive differ- 
entials on even the simplest log canonical spaces. 

Setting 1.7 (Setting for Examples 1.8 and 1.9). Let C C be a smooth elliptic 
curve, and let X c C'' be the affine cone over E. An elementary computation 
shows that X is normal and has an isolated, Gorenstein, log canonical singularity 

at the vertex point x G X. The canonical bundle cox = is in fact even trivial. 

We denote the blow-up of the vertex point x by /5 : X — t- X. The variety X is 
then smooth. Denoting the j6-exceptional curve by E, there exists an isomorphism 
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co^ = ff^{—E). Observing that X is isomorphic to the total space of the line bundle 
^c(l)/ we have constructed the following commutative diagram of morphisms 
between normal varieties, 

,^ „ If, inclusion ~ /r, A^-bundle „ 
(1.7.1) E ^X 

c, constant fi, blow-up 




ix, inclusion 



Example 1.8 (Problems arising from differential forms with poles). We maintain 
assumptions and notation of Setting 1.7. To give a pull-back map which agrees 
outside of E with the usual pull-back map for Kahler differentials, it is then equiv- 
alent to give a sheaf morphism 

ff^ = K*CVx '^""^ > co^ ^ ^x(-E) 

which is isomorphic away from E. Such a morphism does not exist. If cr G 
(X, cox) denotes a global generator of the canonical sheaf, there is no section 
d' G (X, co^) which agrees with a away from the exceptional set E. 

Example 1.9 (Impossibility to satisfy composition law). We maintain assumptions 
and notation of Setting 1.7. We consider reflexive one-forms on X and assume 
there were pull-back morphisms 



drefl^ : H°(X, nW) H°(X, nU and irefl'x : H°(X, n^) ^ H°{{x}, Ci] 



{x}J 



= {0} 

satisfying the following natural compatibility conditions. 

(1.9.1) Away from the singular point, the map agrees with the usual pull- 
back map of Kahler differentials. 

(1.9.2) The composition law holds. In particular. Diagram (1.7.1) will imply that 

"^Kahler'E ° ^refl/^ = "^Kahler^ o ^^refl^.t 

where ^Kahler denotes the usual pull-back of Kahler differentials. Since c 
is the constant map, this implies that liKahler'E ° ^refl/^ = 0- 
LetTc e H°{C, n^) \{0}be any non-vanishing differential form on the elliptic 
curve C, and let f := dKahler^l"^) G H^i^, be its pull-back to X. Since X \ E 
and Xreg = X \ {x} are isomorphic, the form f induces a (reflexive) differential 
form on X, say 

TeHO(x, nW) = HO(Xreg, n'xj. 

Property (1.9.1) then implies that drefl/^l"^) = ^' 

(dKahler'E odrefI^)(T) = rfKahler'£(T) ^=^^ '^Kahler (^^_^) ( ) 7^ 0. 

isomorphism 

This clearly contradicts Property (1.9.2), showing that pull-back morphisms satis- 
fying these compatibility conditions cannot exist. 

In the setting of Example 1.8, there does exist a differential form with logarith- 
mic poles along E, say a E H^[X, co^ (g) ^j^(E)), which agrees with a away from 
the singular set. One could argue that a should be taken as a pull-back of a. While 
this might be a viable definition when discussing the blow-up morphism j6, prob- 
lems occur as soon as one wishes to pull-back a via the composition i£ o fi. 
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In addition to the problems originating from the existence of poles. Example 1.9 
shows that there are other and more fundamental reasons why reasonable pull- 
back maps cannot be defined for log canonical varieties: there is in general no way 
to define a pull-back map in a way that is compatible with the usual composition 
law. 

1 .3. Idea of proof and outline of paper. The proof of our main result is technically 
somewhat involved. The main idea, however, is quite elementary and straightfor- 
ward. Consider the following simple setting. 

Setting 1.10 (Setting for Examples 1.11 and 1.12). Let Y be a variety with kit singu- 
larities. Assume that the singular locus is a smooth curve C and that the singular- 
ities of Y are resolved by a single blow-up of the curve C, say n :Y ^ Y. Assume 
further that the exceptional set E of this resolution map is irreducible and smooth 
over C. 

any given reflexive differential form on Y. Theorem 1.1 
asserts the existence of a regular differential form a E H^{Y, Q-) which agrees 
outside of E with the form a. 

Example 1.11 (Pulling back reflexive differentials via a resolution map). In Set- 
ting 1.10, define a as the pull-back of the form a to Y. This choice is unique if we 
require our pull-back form to agree on the smooth locus with the usual pull-back 
of Kahler differentials. 

Example 1.12 (Pulling back reflexive differentials in more generality). In Set- 
ting 1.10, let X be a smooth variety and / : X — ?• Y a morphism whose image 
is contained in C. We aim to define a pull-back form cxx G (X, n]^) . 

A fundamental theorem of Hacon and McKernan, [H^^^7, Cor. 1.5], asserts that 
the fibres of ttIe : E — > C are rationally connected manifolds. Recalling that ra- 
tionally connected manifolds do not admit non-trivial differential forms, the long 
exact sequence of the relative differential sequence, 

^ hO(c, nl) '^"''^^ > hO(e, n\) ^ h\e, n\,c) ^ ■ ■ ■ , 

=0 

shows that the restriction of to E really is the pull-back of a form t G H'^iC, H^) 
on C. Let ax be the standard pull-back of the Kahler differential t to X. 

The choice of Cx is unique if we require that the pull-back morphisms satisfy the 
composition law. To this end, recall Graber-Harris-Starr's generalisation of Tsen's 
theorem, [GHS03, Thm. 1.1], which gives the existence of a section s : C — t- E C E, 
forming a commutative diagram 



X^^ 




TC, resolution 



/ 

Choosing one such s, observe that 

C^X = ('^Kahler/c)(^KahlerS)(^^Kahler'E)(^^Kahler^)(c^) 

= (^^Kahler/c) (^KahlerS) (dRahler'E) (?) by Example 1.11 

= (rfKahler/c)(^^KahlerS)(?|£) 

= (^^Kahler/c)('!')- 
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Note that this completely dictates the choice of cx- 

Two problems occur when trying to adapt the ideas outlined in Examples 1.11- 
1.12 to the general setting, where X is allowed to have arbitrary kit singularities. 

Problem 1.13. The exceptional set of a resolution morphism need not be irreducible, or 
relatively smooth over the singular locus. Fibres of resolution maps are known to be ra- 
tionally chain connected, but KUhler differentials might well exist on these non-normal 
spaces. 

Problem 1.14. The result of Graber-Harris-Starr is specific to families over 1- 
dimensional base varieties, and is not known to hold in higher dimensions. 

To overcome the Problem 1.13, we need to consider the sheaves CV of "Kahler 
differentials modulo torsion" and discuss their properties on reduced, reducible, 
and not necessarily normal schemes. This is done in Part I of this paper. There, we 
establish a number of fundamental universal properties and show that reduced, 
reducible, rationally chain connected schemes with simple normal crossings do 
not admit any "Kahler differential modulo torsion". The notions of torsion and 
torsion-free sheaves on reducible spaces do not seem be discussed much in the 
literature. For the reader's convenience, we recall the definition and establish basic 
properties in Appendix A. 

The Problem 1.14 does not pose fundamental difficulties. However, it does 
make the proof of our main theorem, given in Part II of this paper, somewhat awk- 
ward and lengthy as we constantly need to switch between the spaces in question 
and suitable coverings, for which a section s exists. 

1.4. Notation and global conventions. Throughout the text, we work over the 
complex number field. This paper discusses several notions of differential forms 
on singular spaces, and in each case defines pull-back morphisms. To avoid the ob- 
vious potential for confusion, we clearly distinguish between the various notions 
of pulling back. 

Notation 1.15 (Sheaves of differentials and pull-back morphisms). If / : X ^ Y is 
any morphism between varieties, we denote the sheaves of Kahler differentials by 
and Qy, respectively. The standard pull-back maps of Kahler differentials are 
denoted as 

^Kahler/ : f*^^ ^ and ^Kahler/ : (Y, ^ (X, Q^) . 

Part I of this paper discusses the sheaf of Kahler differentials modulo torsion, 
traditionally denoted as := tor. As we will see in Section 2, there exists a 
meaningful notion of pulling back sections is this sheaf. The associated morphisms 
of sheaves and vector spaces are denoted as 

^tfree/ ■ f*^Y ^ ^^'^ '^tfree/ : ^y) ^ ^x) " 

Part II of this paper discusses reflexive differentials. The sheaf of reflexive dif- 
ferentials will always be denoted by ol^' := (Q^)**. Following the notation in- 
troduced in Theorem 1.2, pull-back morphisms for reflexive differentials will be 
denoted by drefl/- 

Notation 1.16 (Sheaves defined on subschemes). Let X be a scheme and Y C X a 
subscheme, with associated inclusion map ( : Y — > X. Sheaves J? on Y will often 
be viewed as sheaves on the ambient space X. If no confusion is likely to arise, 
we follow standard notation and write ^ as a shorthand for the technically more 
correct t*^. 
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Part I. Torsion-free differentials 

2. Torsion-free dieferentials and their pull-back properties 

2.1. The definition of torsion-free differentials. As indicated in the introduction, 
we need to discuss sheaves of "Kahler differentials modulo torsion". The follow- 
ing notation will be used. We refer to Appendix A for a discussion of torsion 
sheaves on reduced, but possibly reducible spaces. 

Notation 2.1 (Torsion differentials and torsion-free differentials). Let X ^> Y be 
a morphism of reduced, quasi-projective schemes. Given any number p, define 
O^^Y the cokernel of the sequence 

(2.1.1) ^torO^/y^i^n^/Y-^^x/y ^0 

If y is a point, we follow the usual notation and write instead of ^x/Y' 
Consider the torsion subsheaf torQ^yy ^ ^x/y introduced in Defini- 
tion A.3 on page 30. Sections in tor ^^x/y ^x called (relative) torsion 
differentials. By slight abuse of language, we refer to sections in ^x/y ^^'-^ ^x 
(relative) torsion-free differentials. 

Remark 2.2 (Characterisation of torsion and torsion-free differentials). Torsion dif- 
ferentials are characterised among Kahler differentials as those which vanish at 
general points of all irreducible components of X. A torsion-free differential on X 
vanishes if and only if it vanishes generically on all irreducible components of X. 
We refer to Explanation A.4 for further discussion. 

Notation 2.3 (Morphisms ax/y and /3x/y)- Sequence (2.1.1) is obviously of great 
importance in the discussion of torsion-free differentials. We will therefore main- 
tain the meaning of the symbols ^x/Y arid ^x/Y throughout the present Section 2. 
Again, if Y is a point, we write ocx instead of ax/y- 

2.2. Pull-back properties. Given a morphism between two varieties, we aim to 
show that the usual pull-back map of Kahler differentials always induces a pull- 
back map of torsion-free differentials, even if the image of the morphism is con- 
tained in the singular set of the target variety. The following proposition, which 
asserts that the pull-back of a torsion-differential is always torsion, is a first step in 
this direction. 

Proposition 2.4 (Pull-back of torsion differentials are torsion). Let f : X ^ Y be a 

morphism of reduced, quasi-projective schemes. If a & H'^(Y, torOy) is a torsion-form 
on Y, then rfKahler/(c^) a torsion form on X. In other words, 

dKmerficr) e H\X, tornP) c H° {X, Q^). 

Remark 2.5. The assertion of Proposition 2.4 is clearly true if X is irreducible and 
/(X) intersects the smooth locus of Y. We claim that Proposition 2.4 also holds in 
cases where /(X) is entirely contained in the singular locus. One particularly rele- 
vant case is the inclusion of the singular locus, say X := Ygj^g ^ Y. If Ygj^g is itself 
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X = {{x,y,z) e : z^ + y^-x^z^ = 0} 




The figure sketches a special case of Proposition 2.4. Here, it can be shown by elementary 

computation that the restriction of any torsion differential on X to the singular locus 
Xging = {z = y = 0} vanishes. To be more precise, if i : X^mg X denotes the inclusion 

map, then (dKghierOltorn^; = 0- 

Figure 2.1. Restriction of torsion differentials to the singular locus 



smooth, then Proposition 2.4 asserts that the pull-back of any torsion differential 
vanishes. A simple case of this configuration is shown in Figure 2.1. 

Warning 2.6 (Proposition 2.4 is wrong in the relative setup). The proof of Proposi- 
tion 2.4 relies on the existence of a desingularization map for which no analogue 
exists in the relative setting. As a matter of fact. Proposition 2.4 becomes wrong 
when working with relative differentials, unless one makes rather strong addi- 
tional assumptions. For a simple example, consider a sequence of morphisms, 

X ^ y z. 

inclusion of except, curve blow-up of smootti surface 

A simple computation shows that Hyy^ = torOyy^ = f*^x- particular, if 
U C Y is any open set and a G H^(^U, Cly/z) non-vanishing differential on 
U, then a is torsion on U, but i^Kahler/('^) is a torsion-free differential on the curve 
f-\U). 

Before giving a proof of Proposition 2.4 in Section 2.3, we note a number of 
corollaries that will be relevant in the further discussion. Among these, the exis- 
tence of a pull-back map for torsion-free differentials is the most important. 

Corollary 2.7 (Pull-back for sheaves of torsion-free differentials). Let f : X ^ Y 

be a morphism of reduced, quasi-projective schemes. Then there exist unique morphisms 
dtoif md d^f^ggf such that the following diagram with exact rows becomes commutative 

f* tor cfy — — — ^ /*n^ — — — ^ /*n^ — ^ 

(2.7.1) dtor/ (^Kahlei 

^ tor ^ ^ ^ o. 

Proof. Proposition 2.4 immediately implies that the restricted morphism 
(^Kahler/) l^ttorn'' f^ctorises via the torsion subsheaf torO^; this is clearly the 
unique morphism dtor/ which makes the left square of (2.7.1) commutative. Ex- 
istence and uniqueness of dtfree/ follows from surjectivity of /*/5y once we note 
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that 

o (^^Kahler/) o f* OCy 

This finishes the proof of Corollary 2.7. 



□ 



The morphism /*/3y in (2.7.1) is surjective. This has a number of immediate 
consequences. We mention two that will be relevant in the further discussion. 

Lemma 2.8. In the setting of Corollary 2.7, if x e X is any point such where ^^Kahler/ 
vanishes, then (^tfree/ vanishes as well. In other words, 

(^Kahler/)l{.r} = =^ (^^tfree/) I {x} = 0- ^ 

Lemma 2.9 (Composition law for pull-back of sheaves of torsion-free differentials). 

In the setting of Corollary 2.7, let g : X' ^ X be any morphism from a reduced, quasi- 
projective scheme X'. Then 

(2.9.1) itfree if ° g) = (dtfreeg) ° g* (^^tfree/) • 

Proof. Consider the commutative diagram of sheaf morphisms, 

S"* ('^Kahler/) ^„p '^KahlerS' 



(2.9.2) 



g*f*n 
g*f*Cl 



■ g*n 



X 



S* (Asreef) 

obtained by composing the right commutative square of Diagram (2.7.1) for the 
morphism g with the g-pull-back of the commutative square for the morphism /. 
Using the composition law for the pull-back of Kahler differentials, 

^Kahler(/og) = (^^Kahler^) o ^* ('^Kahler/)/ 

the outer square of (2.9.2) is thus written as 

<iKmei{f°s) 



(2.9.3) 



g*f*a 



g*f*n{ ■ 



{<^tfreec?)°c?*(''tfree/) 



As the pull-back of a surjective sheaf morphism, the map g* f*^Y is surjective itself. 
A comparison of Diagram (2.9.3) with the right square of Diagram (2.7.1) for the 
composed morphism fog thus immediately shows Equation (2.9.1), as claimed. 

□ 

Notation 2.10 (Pull-back for globally defined torsion-free differentials). In the set- 
ting of Corollary 2.7, the sheaf morphism rftfree/ induces a morphism between 
vector spaces of globally defined torsion-free forms, which we will again denote 
byrftfree/ : ^0(7, Cf^) ^ H\X, n^). 

Remark 2.11 (Composition law for globally defined torsion-free differentials). In 
the setting of Corollary 2.7, given given a further morphism g : X' ^ X, 
Lemma 2.9 implies that the following diagram is commutative. 



"^tfree/ 



"^tfreeS 
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2.3. Proof of Proposition 2.4. We are grateful to Fritz Hormann for explaining the 
main idea of the following proof to us. We maintain notation and assumptions of 
Proposition 2.4 and assume that cr is a torsion form on Y. 



2.3.1. Simplifications. Recall from Remark 2.2 or Explanation A. 4 that to show that 
'^Kahler/('^) is a torsion differential, it suffices to show that it vanishes at general 
points of each irreducible component of X. This simple observation has two im- 
portant consequences. 

First consequence: considering one component of X at a time, we are free to 
assume without loss of generality that X is irreducible. Replacing X by a suitable 
dense open subset, we can even assume the following. 

Assumption without loss of generality 2.12. The scheme X is irreducible and smooth. 

Second consequence: Let Yg C Y be an irreducible component that contains the 
image /(X). The morphism / factors via the inclusion map, 

/ 



X ^ Yo -=* Y, 

/o '0 

and ^^Kahler/(t^) = ('^Kahler/o) (^^Kahler'o (^)) ■ Since (7 is torsion, ^Kahler'o (t^) van- 
ishes at general points of Yg, and is therefore a torsion form on Yg. Proposition 2.4 
will therefore follow for our given morphism / if we can prove it for /g. We can 
therefore assume without loss of generality that the following holds 

Assumption without loss of generality 2.13. The scheme Y is irreducible. 

2.3.2. End of proof. Let /ry : Y ^ Y be a resolution of singularities which exists 
because Y is irreducible. Choose a component of X C X x y Y that surjects onto 
X, and let X be a desingularisation of that component. We obtain a commutative 
diagram. 




Since cr vanishes at general points of Y and since Try is birational, it is clear that 
the pull-back <iKahler'^Y('^) vanishes at general points of Y. But since Y is smooth 
by Assumption 2.12, that means that it vanishes everywhere, 

(2.14.1) <iKahler7ry(t7) = £ H\Y, Cll) . 

Since Cix is torsion-free and tzx is generically smooth, we see that the pull-back 
morphism dKaWer^x of globally defined forms is in fact injective. It follows that 
dKahler/(''') = if and only if (^Kahler'T^x) (^Kahler/l'^)) = 0- This last pull-back is 
easily computed to be zero, 

(rfKahler7Tx)(rfKahler/(D')) = (rfKahler/) ( ^^Kahler^Ty (p-) ) =0. 

=Oby (2.14.1) 

This ends the proof of Proposition 2.4. □ 
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3. Torsion-free difeerentials in the relative snc setting 

In the course of the proof of our main theorem, we will frequently need to con- 
sider kit spaces X, strong resolution maps n : X ^ X, and discuss torsion-free 
differentials on the exceptional set E, which is an snc divisor embedded into the 
smooth space X. This section gathers several elementary facts about the sheaf 
that are needed in the discussion. Most of the material here will be known to ex- 
perts. We have nonetheless chosen to include full proofs for lack of an adequate 
reference. 

3.1. Relatively snc divisors and associated differentials. 

3.1.1. SNC divisors. To fix notation used later in this paper, we recall the definition 
and basic properties of snc pairs. 

Definition 3.1 (SNC pairs [KM98, 0.4(8)]). Let Xbea normal, quasi-projective variety 
and D an effective Weil divisor on X. Given a point x E X,we say that the pair (X, D) 
is snc at x if there exists a Zariski-open neighbourhood U of x such that U is smooth and 
such that supp(D) n U is either empty, or a divisor with simple normal crossings. The 
pair (X, D) is called snc if it is snc at every point ofX. 

Given a pair (X, D), let (X, D)reg be the maximal open set ofX where (X, D) is snc, 
and let (X, D)sing be its complement, with the induced reduced subscheme structure. 

The following notation and remark can be used to give an alternate definition 
of "snc pair". This will be used later to define snc in the relative setting. 

Notation 3.2 (Intersection of boundary components). Let (X, D) be a pair, where 
the boundary divisor D is written as a sum of its irreducible components D = 
aiDi -h . . . -h o-nDn- If ^ C {1, . . .,n} is any non-empty subset, we consider the 
scheme-theoretic intersection D; := n,£; supp D,. If I is empty, set Di := X. 

Remark 3.3 (Description of snc pairs). In the setup of Notation 3.2, it is clear that 
the pair (X, D) is snc if and only if all Dj are smooth and of codimension equal to 
the number of defining equations, codimx Dj = \I\ for all / where Dj 7^ 0. 

3.1.2. SNC morphisms. The notion of relatively snc divisors has been used in the 
literature, but its definition has not been discussed much. For the reader's conve- 
nience, we reproduce the definition given in [GKKFli, Sect. 2.B]. 

Definition 3.4 (SNC morphism, relatively snc divisor, [\'^n-^ 2.I]). // (X, D) 

is an snc pair and (p : X ^ T a surjective morphism to a smooth variety, we say that 
D is relatively snc, or that (p is an snc morphism of the pair (X, D) if for any set I 
with D7 ^ all restricted morphisms cpl^^ : Dj — > T are smooth of relative dimension 
dimX-dimT- |J|. 

Remark 3.5 (Geometric description of snc morphisms). In the setting of Defini- 
tion 3.4, assume that <^ : X ^ T is an snc morphism of the pair (X, D). Then, since 
smooth morphisms are open, each of the sets Dj dominates X. 

If f G T is any point, set Xf := cp^^ (t) and Df := D H Xf. Then Xf is smooth and 
(Xf, Df) is an snc pair. 

Example 3.6 (SNC morphisms). The morphism ipa, shown in Figure 6.1 on page 23 
is a prototypical example of an snc morphism. If (X, D) is an snc pair, then the 
identity map Idx : X ^> X is an snc morphism if and only if D = 0. Again 
assuming that (X, D) is an snc pair, the constant map from X to a point is always 
an snc morphism. 
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Assume we are given an pair (X, D) and a point x G X such that (X, D) is 
snc at X. It is well-known that there exists a neighbourhood U = U{x), open in 
the analytic topology, and holomorphic coordinates x\, ■ . ■ ,x„ E €^x{U) such that 
supp D n Lf = {xi ■ ■ ■ Xr = 0}, for a suitable number < r < n. The following is 
the relative analogue of this fact. 

Lemma and Definition 3.7 (Adapted coordinates for an snc morphism). Let (X, D) 

be an snc pair and (p : X ^ T an snc morphism of the pair (X, D). Ifx e X is any point, 
then there exist neighbourhoods V = V(^(p{x)) C T and U = U{x) C (p~^{V) C 
X open in the analytic topology, and holomorphic coordinates xi,...,x„ e i^x{U), 
yi, - ■■>ym G (^)/ centred about x respectively (p{x), and a number < r < n — m 
such that the following holds. 

(3.7.1) We have x,- = y,- o (pfor all indices 1 < i < m, and 

(3.7.2) the support ofD is given as supp DCiU = {x,„+i ■ ■ ■ Xm+r = 0}. 

In the setting above, we call the coordinates x, and y, adapted coordinates for the snc 
morphism (p. □ 

3.2. Characterisation of torsion-free differentials. Given an snc pair (X, D), the 
following two propositions describe the sheaf of torsion-free differentials on D 
by relating them to the sheaves of differentials on each component of D and to 
logarithmic differentials on X, respectively. These descriptions will later be used 
in the discussion of relative torsion-free differentials. 

Proposition 3.8 (Torsion-free differentials on snc divisors, I). Let (X, D) be an snc 

pair where D is reduced, with irreducible components D = U,D,-. Let (p : X ^ Y 
be a morphism such that D is relatively snc over Y. Given any number p, consider the 
inclusion maps ij : Dj ^ D and the natural morphisms 



Ipi : Cl^^/Y ~^ i^i)*^Di/Y ^ = • ^D/y ~^ 0('')*^D, 



/Y- 



Then the image ofxp is naturally isomorphic to the sheaf of torsion-free differentials on D, 
that is, Image(!/') = H^^y. 

Proof. Recall from Proposition A. 8 that the push-forward sheaves (/;)*npyy are 
torsion-free sheaves on the reducible space D. Since subsheaves of torsion-free 
sheaves are torsion-free. Corollary A. 7, it follows that Image (i/') is itself torsion- 
free. The universal property of torsion-freeness. Proposition A. 6, therefore gives a 
factorisation of ip as follows: 



^D/y ^ ^D/y j ^ Image(!/^)^ ^ ©,('0*f^D,/y 

The finish the proof, it suffices to show that ip is injective. That, however, follows 
from Proposition A. 9 because is generically injective: as a matter of fact, both xp 
and Tp are isomorphic away from the singular set of D. □ 

In the absolute case, the following statement appears without proof in 
[NamOlb, p. 129]. 

Proposition 3.9 (Torsion-free differentials on snc divisors, II). In the setup of Propo- 
sition 3.8, there exists a short exact sequence^ 

(3.9.1) > n^/y(iogD) ® /u — n^/y — n^/y > o. 



The sheaf ,y of Sequence (3.9.1) should be seen as a sheaf on X, cf. Notation 1.16 on page 6. 
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Proof. Viewing H^^y and ^^./y sheaves on X, Proposition 3.8 asserts that to 

prove Proposition 3.9, it suffices to show that n^^y(logD) (g) is exactly the 
kernel of the composed map 



Setting tjj := xpjO r : H^^y Cl^^y, the kernel of rj is then this intersection of the 
kernels of all the r]i, that is, 

(3.9.2) ker // = fl ker j/,- c n|/y. 

i 

The kernels of the rjj are well understood. As a matter of fact, an elementary com- 
putation in adapted coordinates shows^ that 

(3.9.3) ker?7; = Q|/y(logD,) /d,. 

In particular, we see that ker r/i are locally free subsheaves of f^x/y Since the 
intersection of two reflexive subsheaves is reflexive. Equations (3.9.2) and (3.9.3) 
show that ker // is a reflexive sheaf on X, and isomorphic to O^^y (log D) ® 
on the open set X \ D^mg- Since codimx D^mg > 2, and since two reflexive sheaves 
agree if and only if they agree on the complement of a small set, we obtain that 
ker f] = n^yy (log D) (g) on all of X, thus finishing the proof of Proposition 3.9. 

□ 

Given a smooth morphism X ^ Y, it is well-known that the restriction of f^x/y 
to any fibre F equals O^. Using the descriptions given above, we show that the 
same holds for torsion-free differentials in the relative snc setting. 

Corollary 3.10 (Restriction to fibres). In the setup of Proposition 3.8, let y E Y be a 
smooth point of the image (p{D), and consider the preimage Dy := {cP\d)~^ iy)- Then 

(3.10.1) n^/y|^_-A^^^. 

Proof. Set Xy := (p~^{y) and Dy := D n Xy, and recall from Remark 3.5 that 
(Xy, Dy) is an snc pair. We observe that to prove Corollary 3.10, it suffices to show 
Equation (3.10.1) in the neighbourhood of any given point x G Dy. Given one such 
X, choose open neighbourhoods U = U{x) and V = V{y) and adapted coordinates 
and yi,...,ym as in Lemma and Definition 3.7. Using these coordinates, 
an elementary computation shows that the restriction of Sequence (3.9.1) to the 
fibre Xy stays exact, and that the terms of the restricted sequence are identified as 
follows, 

(3.10.2) 0^ (n^/y(logD)®^D)|x, ^n^/ylx, ^"D/ylx,^0• 



Recall from Example 3.6 that the constant map from Xy to a point is an snc mor- 
phism of the pair (Xy, Dy). An application of Proposition 3.9 therefore identifies 
the cokernel of Sequence (3.10.2) as ^^d^, finishing the proof. □ 



In the absolute case, this description of ker rjj is also found in [EV92, Prop. 2.3(c) on p. 13]. 
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3.3. Filtrations for torsion-free differentials in the relative snc setting. Given a 
smooth morphism X — ?■ Y, the sequence of relative differentials on X induces a 
canonical filtration on the sheaf Q^. The following proposition shows that the 
same statement holds for torsion-free differentials in the relative snc setting. 

Proposition 3.11 (Filtration of relative torsion-free differentials for an snc mor- 
phism). Let (X, E) be an snc pair, where E is a reduced divisor on X. Let (p : X ^ Y 
a morphism such that E is relatively snc over Y. If < p < dim X — 1 z's any number, 
then there exists a filtration 

= #0 D ^1 D ■ ■ ■ D D = 

and for allO <r < p sequences 

(3.11.1) ^ ^'■+^ ^ ^ {(PIeT^y ^V/y 0- 

Proof. Since (p is smooth, the sequence of relative differentials on X is a short exact 
sequence of locally free sheaves on X, 

(p*n\ ^n\^ n^/y o. 

Following [Har77, 11.5 Ex 5.16], there exists an induced filtration 

= ^0 ^ ^1 D ■ ■ ■ D D = 

and sequences for all < r < p, 

^ ^ fcfy n^~y ^ 0. 

Recalling Sequence (3.9.1) of Proposition 3.9, we define filtrations of 
O^^y (log E) ® ^£ and O^/y by setting 

^"•(log) := (A^/y)-i(j^'') ... filtration of n^/y (log E) ® ^e, and 
■- B^/y (^'•) . . . filtration of n^/y. 

With these definitions, it is clear that = ^''7^'' (log), for all indices r. We aim 
to understand the sheaves in more detail. An explicit computation in adapted 
coordinates, which we leave to the reader, reveals two facts. First, there is an 
isomorphism 

^'■(log)/^'-+i(log) = r«^y «5 nP7^(logE)0^E. 

Secondly, one obtains the description of the natural map between quotients given 
in the following commutative diagram 



(log) (log) 



natl. map between quotients 

(3.11.2) - 

4)*n^ (g) /y(logE) ® Je) ^ <P*^'y ® "x/y 

In particular, since A^x/'y injective and since <^*ny is locally free on X, it fol- 
lows that q is injective. The Snake Lemma thus yields a commutative diagram of 
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coherent sheaves on X as follows, 

^ jr'-+i(log) ^ ^'(log) 



(3.11.3) 



^'(log)/^'-+i(log) -0 




In summary, we obtain the following description of the successive quotients in the 



filtration of Hp, 



'■X/Y 



f'^Y^^x/Y / q[,p*n\^ 



- ( ^'x7y/a^-;y (n^7y(iog£) a 



This finishes the proof of Proposition 3.11. 



Diag. (3.11.3) 
E J J Diag. (3.11.2) 

cpm^y loc. free 
Seq (3.9.1) 

□ 



4. Torsion-free dieferentials on rationally chain connected spaces 

It is well-known that rationally chain connected compact manifolds do not ad- 
mit any differential forms. Here, we show that the same holds for torsion-free 
differentials on rationally chain connected varieties with arbitrary singularities. 

Theorem 4.1 (Torsion-free differentials on rationally chain connected spaces). Let 
Xbea reduced, projective scheme. Assume that X is rationally chain connected. Then 

H° (X, n^) = 0, for allQ<p< dim X. 

Remark 4.2. In Theorem 4.1, we do not assume that X is irreducible. 

Warning 4.3 (Kahler differentials on rationally chain connected spaces). The state- 
ment of Theorem 4.1 becomes wrong if one replaces torsion-free differentials with 
Kahler differentials. For an example, let X = Xj U X2 be the union of two distinct 
lines in P^. The reducible variety X is then clearly rationally chain connected. The 
sheaf n]^ of Kahler differentials contains a non-trivial torsion subsheaf, supported 
at the intersection point Xi n X2. As a skyscraper sheaf supported at a single point, 
tor n]^, and hence 0]^, do have non-trivial sections. 

Similar examples exist where X is irreducible and rationally connected. The 
paper [LiKl ] discusses cones where torO^ is non-trivial, and supported at the 
vertex point. 

Warning 4.4 (Reflexive differentials on rationally chain connected spaces). The 
statement of Theorem 4.1 becomes wrong if one replaces torsion-free differentials 
with reflexive differentials; Example 1.9 on page 4 discusses a non-trivial reflexive 
form on the (rationally chain connected) cone over an elliptic curve. 

The main reason for failure Theorem 4.1 in this setting is the fact that X has 
log canonical rather than kit singularities. For rationally chain connected spaces 
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Figure 4.1. A pointed chain of smooth rational curves, as used 
in the proof of Theorem 4.1 

X with kit singularities, it is shown in [GKKPll, Thm. 5.1] that H°{X, O^') = 

for all p. For reflexive tensor operation other than /\'^^\ the question becomes 
rather subtle. We refer to [GKPll, Sect. 3] for a discussion of known facts and for 
examples. 

The arguments used to prove of Theorem 4.1 follow the standard proof for the 
non-existence of Kahler differentials on rationally connected manifolds. 

4.1. Proof of Theorem 4.1. Let cr e H^{X, fJ^) be any reflexive differential. By 
Remark 2.2, it suffices to show that u vanishes at the general point of every irre- 
ducible component of X. In other words, given any irreducible component Xq C X 
with inclusion map / : Xq — > X, we need to show that rftfree'l"^) = 0- 

The assumption that X is rationally chain connected implies that there exists a 
fixed point y G X, such that general points of Xg can be connected to y using a 
finite-length chain of rational curves. The following is thus an immediate conse- 
quence. 

Consequence 4.5. There exists a nodal chain of smooth rational curves C = Q U • • • U 
Q with marked points p/ as as shown in Figure 4.1, a smooth, irreducible, quasi-projective 
variety H c Hom(C, X) and a morphism p : H x C ^ X with the following properties. 

(4.5.1) The variety H x Q dominates the component Xq. 

(4.5.2) The restriction ofy to H x {pi^} is constant. □ 

With the notation introduced above, the following Lemma is key to the proof of 
Theorem 4.1. 

Lemma 4.6. Setup as above. For any index 1 < j < k, we consider the following two 
restrictions of}i, 

jip. : H X {pj} X and yc- : H x Cj ^ X. 
Then the following two equations hold for all indices 1 < j <k 

(4.6.1) dtfreeFp;(^) = ^ H\H X {pj}, n^Hx{pj}) ^"'^ 

(4.6.2) rftfreeFq icr)=Oe H° {H x q, n^j^^P 

Assuming for second that Lemma 4.6 holds, consider Equation (4.6.2) for = 1. 
Write : H x Ci as a composition 

H X Ci ^ Xo — ^ X 

Equation (4.6.2) and the composition law for pull-back of torsion-free differentials. 
Lemma 2.9 give a vanishing of forms. 

Recalling from (4.5.1) that yci,0 is dominant. Equation (4.6.2) says that the restric- 
tion of cr to the component Xg vanishes generically. The required vanishing of 
^tfree'C^^) then an immediate consequence. Theorem 4.1 is thus a consequence of 
Lemma 4.6. 
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4.1.1. Proof of Lemma 4.6. It remains to prove Lemma 4.6. The proof proceeds by 
descending induction on j. To this end, the following statements will be shown in 
Section 4.1.2-4.1.4 below. 

Claim 4.7 (Start of induction). Equation (4.6.1) holds for ;' = k. 

Claim 4.8 (Inductive step I). For all indices 1 < j < k, Equation (4.6.2) holds for 
the index / if Equation (4.6.1) holds for j. 

Claim 4.9 (Inductive step II). For all indices 1 < j < k, Equation (4.6.1) holds for 
the index / — 1 if Equation (4.6.2) holds for 

4.1.2. Proof of Claim 4.7. For = k, Equation (4.6.1) follows from (4.5.2), which 
asserts that ffp^ is constant. The pull-back map of Kahler differentials is thus zero, 
dfipi^ = 0. By Lemma 2.8, the pull-back map of torsion-free differentials is therefore 
zero too, so that dtfreeFpt = as claimed. □ 

4.1.3. Proof of Claim 4.8. Let 1 < / < A: be any given index, and assume that Equa- 
tion (4.6.1) holds for The following morphisms are relevant in our discussion 



H X {pj} 



The product structure of H x Cy immediately gives a splitting 





Decompose ^tfreeFCy (^) G H^{H X Cj, f^^j^c ) accordingly as dtfreef'q (^) = ^.c/ + 
a^, we aim to show that both aj./ and a^g are zero. 

First, if F = {h} x Cj = is any fibre of tth, then £i§\f ^ i^pi (-2)®* is anti- 
ample. It follows that M only has the trivial section, so (7,^ = 0. Secondly, if follows 
from Equation (4.6.1) and from the composition law for pull-back of torsion-free 
differentials. Lemma 2.9, that 

We obtain that ^.c/|Hx{py} = 0- Since is a trivial vector bundle, = ff®* , 
this shows vanishing of 

In summary, we have seen that dtfree/zcy {^) is zero, as asserted in Claim 4.8. □ 

4.1.4. Proof of Claim 4.9. Let 1 < j < khe any given index, and assume that Equa- 
tion (4.6.2) holds for the index Since Pj-i G Cj, we obtain a factorisation 



H X {w,_i} ^ H X Q X 

' 7, inclusion ' I'Cj 

The composition law for the pull-back of torsion-free differentials. Lemma 2.9, 
then asserts that 

' ' (4.6.2) 

which immediately shows the desired vanishing. This finishes the proof of 
Claim 4.9, and hence of Theorem 4.1. □ 
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Part 11. Pull-back properties of reflexive differentials on kit spaces 

5. Main result and elementary consequences 

5.1. Formulation of the main result. We aim to construct a pull-back map for 
reflexive differentials, which will turn out to be vmiquely determined by universal 
properties. To formulate these properties ("composition law", "compatibility with 
Kahler differentials") in a technically correct manner, it seems easiest to use the 
language of functors. The following definition fixes the category. 

Definition 5.1 (Category of kit base spaces). Let X be a normal, irreducible variety. 
We call X a kit base space if there exists a Q-divisor D on X such that the pair (X, D) is 
kit. A morphism between kit base spaces is simply a morphism of varieties. 

The following theorem contains the main result of this paper. Its proof is given 
in Sections 6-7, starting on Page 21. An extension of Theorem 5.2 to morphisms 
with arbitrary domain is discussed in Section 5.3 on page 21. 

Theorem 5.2 (Pull-back map for reflexive differentials on kit base spaces). There 
exists a unique contravariant functor 

^refl • {^^^ ^''se spaces} — > {C-vector spaces} 

^^■^•^^ X ^ HO(x,n|i) 

that satisfies the following "Compatibility with Kahler differentials". If f : Z ^ X is a 
morphism of kit base spaces such that the open set Z° := Zreg n f'^ (Xreg) is not empty, 
then there exists a commutative diagram, 

hO(x, nji) '-^ — -hO(z, nl'i) 



(5.2.2) restrictionx 



restriction2 



HKaMerUlz") 

where dKahler(/|z° ) denotes the usual pull-back of Kahler differentials, and d^^^f denotes 
the linear map of complex vector spaces induced by the contravariant functor (5.2.1). 

Remark 5.3 (Restrictions used in Diagram (5.2.2)). In the setting discussed in Dia- 
gram (5.2.2), we have equalities 

This justifies the use of the word "restriction" in Diagram (5.2.2). Since X and Z 
are normal, hence smooth in codimension one, the restriction maps restrictionx 
and restriction^ are clearly isomorphic. 

Remark 5.4 (Compatibility with Kahler differentials in special cases). Consider a 
morphism / : Z — > X of kit base spaces whose image is contained in the singu- 
lar locus of X. In this case, the set Z° discussed in Theorem 5.2 is empty. The 
compatibility condition formulated in the theorem is then also empty, that is, al- 
ways satisfied. This does not mean that d^^^f is an arbitrary map. The pull-back 
map (?refl/ is if f^ct uniquely defined by the functorial properties ("composition 
rule"), and by the requirement that the pull-back maps of other, dominant, mor- 
phisms need to satisfy compatibility with Kahler differentials. Later in this paper, 
the proof of Proposition 5.9 will illustrate this principle. 

Remark 5.5 (Sanity of notation). Given a kit base space, the functorial formulation 
of Theorem 5.2 would in principle allow to write drefl-^ a shorthand for the space 
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(X, ) of reflexive differential forms on X. In order to avoid confusion and 
incompatibility with the literature, we will never use this notation. 

5.2. Elementary properties of the pull-back map. The compatibility with Kahler 
differentials implies that practically all properties known from the pull-back map 
of Kahler differentials also hold in the reflexive setting. We mention some of the 
more immediate examples in the present Section 5.2. 

Proposition 5.6 (Compatibility with open immersions). Let X be any kit base space, 
Z C X any open set and f : Z ^ X the inclusion map. Then 

d^^af : h\x, dp) ^ h\z, dp) 

equals the standard restriction map. 

Proof. Define the subset Z° as in Theorem 5.2 and observe that Z° is not empty. 
Using the isomorphisms restrictionx and restrictiony, the claim follows from the 
observation that d^ahlerC/lz" ) is the standard restriction map. □ 

Proposition 5.7 (Morphisms to smooth target spaces). Let f : Z ^ Xbe any domi- 
nant morphism between kit base spaces, where X is smooth. Then d^^^f equals the compo- 
sition of the following maps 

H\x, dp) = H\x, nl) > hO(z, n|) h\z, dp), 

where cp is induced by the standard map from the sheaf DF^, ^^^^ double dual. □ 

Proposition 5.8 (Pull-back via a dominant morphism). Let f : Z ^ X be any domi- 
nant morphism between kit base spaces. Then the associated map 

d^^af : H°{X, dp) ^ H°{Z, dp) 

is injective. 

Proof. Define the subset Z° as in Theorem 5.2 and observe that Z° is not empty, 
and that f\z° '■ Z° X is dominant. Proposition 5.8 then follows immediately 
from injectivity of ^Kahler (/ 1 z° ) ■ D 

5.2.1. The pidl-back map on sheaf level. The following Proposition 5.9 and Corol- 
lary 5.10 imply that the pull-back map for reflexive differentials is already defined 
on sheaf level, just as the pull-back map for Kahler differentials is. 

Proposition 5.9 (Compatibility with module multiplication). Let f : Z ^ Xbe any 

morphism between kit base spaces. Then associated map 

d,^af : H°{X, dp) ^ H\Z, dp) 
is a morphism of i^x{X)-modules. 

Corollary 5.10 (Pull-back map on sheaf level). Iff : Z ^ Xis any morphism between 
kit base spaces, then the pull-back morphism 

d,,af:H°{X, dp)^H°{Z, dp) 
is induced by a sheaf morphism 

d,,af--rdp^dp. 

Proof of Corollary 5.10. Immediate from compatibility with open immersions and 
compatibility with module multiplication. Propositions 5.6 and 5.9. □ 

The proof of Proposition 5.9 makes use of the following elementary construc- 
tion, which we note for later reference. 
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Construction 5.11. Let / : Z ^ X be any morphism between normal varieties, and 
let TT : X — )■ X be a resolution of singularities. Then there exists a smooth variety 
V and a commutative diagram, 

^X 

resolution of 

7T . ... 

, Singularities 

s-X. 

/ 

One way of construction goes as follows. Choose a component Y C X x x Z that 
surjects onto Z, and let Y ^> Y be a desingularization. Let d be the relative dimen- 
sion of Y — > Z, and V c Y the intersection of d general h5^erplanes (if d = 0, 
set V := Y). The variety V is then smooth, with natural morphisms to Z and X 
making the diagram commutative. The morphism to g : V ^ Z constructed in 
this manner is surjective and generically finite. 

Proof of Proposition 5.9. Given reflexive forms cri,cr2 e H^{X, Cl^x) ^ function 
T e H° (X, n^'), we need to show that 

(5.12.1) (drefl/)(T ■ CTi + (7-2) = T ■ (d.efl/) (c7i) + (drefl/)(^2)- 

There are two situation where this is easily true. 

(5.12.2) If the target of / is smooth, then Proposition 5.7 implies that (5.12.1) holds 
because both dKahler ^^id q) are ^x(X)"lii^ear. 

(5.12.3) If / is dominant, then Z° is non-empty, and Equation (5.12.1) holds be- 
cause compatibility with Kahler differentials implies that it holds on the 
open set Z°. 

Proposition 5.9 is hence shown for dominant morphisms, and for morphisms with 
smooth target. If / is neither, apply Construction 5.11 to obtain a commutative 
diagram as in (5.11.1). We have seen above that dreflS^ is ^z(Z)-linear. It is injective 
by Proposition 5.8. To prove (5.12.1), it will therefore suffice to prove the analogous 
equation for the composed morphism fog, 

{dreaif ° ^)) (t ■ 0-1 + t7-2) = T ■ (drefl(/ ° ^)) (^^l) + (drefl(/ °g)){^2)- 

That, however, follows from functoriality, djgfi(/ o g) = (drefl/r) o (d^gflfl), because 
we have seen in above that d^^QTZ and d^^fia are linear over global sections of their 
respective structure sheaves. □ 

5.2.2. Compatibility with wedge products and exterior derivatives. If X is any normal 
variety, then to give a reflexive differential on X it is equivalent to give a Kahler 
differential on the smooth locus Xreg. More precisely, if l : Xreg — ?■ X denotes 

the inclusion of the smooth locus into X, then = t*n^^^^. This description of 

reflexive differentials immediately allows to define reflexive wedge products, that is, 
for all p and q morphisms 

A: H0(X,nW)65^^(^)H0(X,nW) ^ h\x, d^+^) 

which, on the smooth locus of X, agree with the usual wedge products. We define 
C-linear reflexive exterior derivatives in the same fashion, for all p, 

d: HO(x,nJi) ^ HO(x,nJ+^i). 



(5.11.1) 




g, surjective 
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In this setting, the proof of Proposition 5.9 applies almost verbatim to give the 
following compatibility result. 

Proposition 5.13 (Compatibility with wedge products and exterior derivatives). 
Let f : Z ^ Xbe any morphism between normal varieties. Then the pull-back maps for 
reflexive differentials and sheaves of reflexive differentials commute with reflexive wedge 
products and reflexive exterior derivatives. □ 

5.3. Morphisms with arbitrary domain. The properties listed above allow for the 
construction of a meaningful pull-back map even for morphisms where only the 
target is assumed to be a kit base space. 

To this end, let / : Z ^> X be any morphism between normal varieties and 
assume that X a kit base space. Observing that the smooth locus Zreg is a kit base 
space as well, and recalling that the restriction map 

restrictionz : H°(Z, n|'l) H°(Zreg, O^^^^) 

is isomorphic, define a pull-back map for reflexive differentials as the composition 
of the following two maps, 

n, \ri\\ ''reflC/lxreo) n/ _n \ restriction^^ „ FnK 

hO(x, nf) ^ HO(Zreg, ^ H\z, nf). 

As there is no possibility of confusion, we denote this map again by d^^^f. Is is easy 
to show that all properties listed in Section 5.2 also hold for this generalised map. 
In particular, dj-efl/ is induced by a sheaf morphism. We have thus constructed 
maps drefl/ : ^ ^z' drefl/ : H°(X, n|l) H°{Z, O^') for all indices p. 

6. Preparation for the proof of Theorem 5.2 

Given a morphism of kit base spaces and a reflexive form on the target space, 
the following proposition constructs a reflexive form on the domain which satisfies 
a weak universal property. 

Proposition 6.1 (Construction of pull-back forms). Let f : Z ^ Xbe any morphism 

of kit base spaces, and let a E (X, ol^' ) be any reflexive p-form on X. Then there exists 

a unique reflexive p-form t e H^{Z, O^') satisfying the following universal property. 
Given any commutative diagram 



resolution of 

(6.1.1) singularities 




g, surjective 



where V is smooth, let cr e (X, O-) be the unique differential form on X which agrees 
with cr wherever n is isomorphic. Then 

(6.1.2) rfKahlerfl(2^) = rfKahler^(T|z,eg) ^ H°(y, n'^). 

Remark 6.2 (Existence of a, restriction of reflexive differentials). The existence of 
the form a used in the formulation of Proposition 6.1 is the main result of the 

paper [GKKPll]. We refer to [GKKPll, Thm. 1.4 and Rem. 1.5.2] for details. In 

[pi 

analogy with Remark 5.3, we have used the canonical identification |zreg — 
implicitly in the formulation of Equation (6.1.2). 
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Remark 6.3 (The case where /(Z) (t Xgi^g). In the setting of Proposition 6.1, if /(Z) 
is not contained in the singular locus of X, then it follows immediately from the 
universal property (6.1.2) that T is the unique reflexive form whose restriction to 
the open set Z° := Zreg n /"^(Xreg) satisfies t|z° = tiKahler(/|z°)('^lxreg)- 

Remark 6.4 (Existence of V, a and g for given resolution tt). Given an arbitrary 
resolution of singularities tt : X — > X, Construction 5.11 shows that there always 
exist smooth varieties V and morphisms a, ^ as in Diagram (6.1.1). 

6.1. Preparation for the proof of Proposition 6.1. We will see in Section 6.2 that 
Proposition 6.1 is in fact a corollary of the following, seemingly weaker lemma. 

Lemma 6.5 (Weak version of Proposition 6.1). Let f : Z ^ X be any morphism 

of kit base spaces, and let a E (X, G^' ) be any reflexive p-form on X. Then there 

exists a resolution of singularities n : X ^ X and a reflexive p-form t e H^{Z, n^') 
satisfying a universal property similar to the one spelled out in Proposition 6.1: given any 
smooth variety V and morphisms a, g forming a commutative diagram as in (6.1.1), then 
Equation (6.1.2) holds. 

Remark 6.6 (Relation between Lemma 6.5 and Proposition 6.1). We will later see 
that the form x constructed in Lemma 6.5 for one specific resolution map will also 
work for any other. 

The remainder of the present Section 6.1 is devoted to the proof of Lemma 6.5. 
Though not extremely involved on a conceptual level, the proof is somewhat 
lengthy to write down. To help the reader maintain an overview, we have sub- 
divided the proof into a number of relatively independent steps, given in Sec- 
tions 6.1.1-6.1.6 below. 

6.1.1. Proof of Lemma 6.5: setup of notation, simplification. We maintain assumptions 
and notation of Lemma 6.5 throughout the proof. In order to construct a reflexive 
form on Z, it suffices to construct the form away from a set of codimension two. 
Since Z is a kit base space, hence normal, we can therefore assume without loss of 
generality that the following holds. 

Additional Assumption 6.7. The space Z is smooth. 

In case where the image of / is not contained in the singular set of X, it has been 
shown in ['^KKPll, Thm. 4.3] that there exists a differential form t on Z which 
agrees on the open set f~^ (Xreg) with the usual pull-back of the Kahler differential 
(7|xjeg- The differential t clearly satisfies all requirements stated in Lemma 6.5, so 
that the proof is already finished in this case. We will therefore assume without 
loss of generality that the following holds. 

Additional Assumption 6.8. The image off is contained in the singular set ofX. 

We define T C X as the Zariski closure of the image of /, that is, T := /(Z). 
Choose a desingularization tt : X — > X with the additional property that the 
preimage tt^^ (T) C X has pure codimension one and forms a divisor with simple 
normal crossing support. Finally, let E C n^^{T) be the union of those com- 
ponents that dominate (=surject onto) the irreducible variety T. Its irreducible 
components are denoted as E = Eq U ■ ■ ■ U 

6.1.2. Proof of Lemma 6.5: projection to general points ofT. One way to describe the 
geometry of X near general points of T is by looking at a family of sufficiently 
general complete intersections (Ht)^^^, and by studying the varieties Ht at their 
intersection points with T. At general points of T, the family defines a morphism. 
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Smooth Space Ua Singular Space Ua 




Curve Tc 



The figure sketches the situation of Lemma 6.9 in case where X is a threefold and T is a 
curve. Over Ta, the exceptional set of the resolution map tt is a reducible divisor, 
E = EqU El. The composed map tp^ is an snc morphism of the pair (Lfa, £a). 

Figure 6.1. Projection to general points of T 



and it is often notationally convenient to discuss the varieties Ht as being fibres of 
that morphism. This idea is not new, and is explained in great detail in [GKKPll, 
Sect. 2.G]. The following lemma summarises the results and fixes notation used 
throughout the remainder of the proof of Lemma 6.5. Figure 6.1, taken from the 
preprint version of the paper [GKKPll], illustrates the setup. 

Lemma and Notation 6.9 (Projection to general points of T). In the setup of Sec- 
tion 6.1.1, there exists a dense, Zariski-open set X° C X, an open covering of T° : = 
T n X° by sets Ua Q X° that are open in the analytic topology, and commutative dia- 
grams of holomorphic morphisms, 

T« Uoc ^ X° C X 

<^ci In, inclusion 

where 

X° := n-\X°), Uc, := tz-\Uo,), T« := TnU^, 
such that the following extra conditions hold 

(6.9.1) The variety T° is smooth and not empty. The sheaf Clja is trivial. 

(6.9.2) Setting E° := EnX°,wehave {n°)-^{T°) = E°. 

(6.9.3) IfEJ C E° is any irreducible component, then n°\E? : E° — t- r° is smooth. 

(6.9.4) The restrictions (pa\T^ : Ta T^ are the identity morphisms. 

(6.9.5) The holomorphic maps Tpa. Hi's smooth. The divisors E^ := E CiUa are relatively 
snc over Ta. 
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Proof. The existence of an open set X° satisfying Conditions (6.9.1)-(6.9.3) is clear. 
Shrinking X° further, if necessary, the standard technique of "projection to a sub- 
variety", explained and proven in [GKKPi , Prop. 2.26], yields the existence of a 
finite, etale covering map 7 : Y ^ X° and a commutative diagram, 

~ 7, finite, etale ~ ~ 



x° C X, 




7, finite, etale 



where Y := X° x x° Y, where B := 7~^(T°), and where p and 7 denote the obvious 
projections. The morphism (p has the additional property that its restriction to 
B C Y is the identity map. Shrinking X° further, if necessary, generic smoothness 
of morphisms and its logarithmic analogue, [GKKPI i. Rem. 2.11], allow to assume 
that ip is smooth, and that the divisor E° Xx° Y C Y is relatively snc over B. 

To end the proof, it suffices to find a covering of T° c X° by analytically open 
sets {Uoi)aGA Q X° that are small enough so that their preimages are disjoint 
imions of (deg 7)-many open sets, 

7^1 (U«) = K,i U---U y„,deg7. 

each canonically identified with 11^. Choosing one Va; , for each given set 11^, the 
morphisms ^oc arid ipa are immediately obtained from these identifications. Con- 
ditions (6.9.4) and (6.9.5) follow from the properties of (p and ip. □ 

6.1.3. Proof of Lemma 6.5: construction of a differential form on T°. We follow the 
ideas outlined in Section 1.3. Given any point t E T^, a fundamental result of 
Hacon-McKernan asserts that the fibre Ef := 7z~^{t) is rationally chain connected. 
Using the results obtained in Section 4, this implies that relative differentials in 
n~ vanish modulo torsion when restricted to any component of Et. This is a 

first indication of the principle that "the restriction of any differential to E° comes 
from T°", as formulated and proven in the following lemma. 

Lemma 6.10 (Restriction of any differential to E° comes from r°). In the setup of 
Section 6.1.2, the pull-back map of torsion-free differentials, 

rftfree(7r|E°) : H°(r, n^„) ^ {E° , n^o), 

is isomorphic. 

Proof. Choosing an open cover of r° as in Lemma 6.9, it suffices to show that the 
pull-back maps associated with the restricted morphisms, 

rftfree(^|Ej : H^T^, Ci^J ^ [E^, fllj, 

are isomorphisms, for all a £ A. Let a G A be any given index. The pull-back 
map rftfree(^|£a) is clearly injective. To prove surjectivity, consider the filtration 
and sequences introduced in Proposition 3.11, 

(6.10.1) = #° D #1 D ■ ■ ■ D #P D = 

(6.10.2) ^ #'•+1 ^ ^ {K^tJ ® ^l~/T, 0' 

which exist for all < r < p. Observe that in case where r = p. Sequence (6.10.2) 
yields = i/^*n^ . To prove Lemma 6.10, we aim to show that 



(6.10.3) H°{Ea, nlj = H°{E^, = H°{Ea, ip^Cl^jJ = H°{T^, Q 
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Since the vector bundles, ^^^j^ = ^l^j^ are trivial by Assertion (6.9.1) of 
Lemma 6.9, Equation (6.10.3) will follow from an inductive argument using the 
Sequences (6.10.2) once we show that 

(6.10.4) H°(E«, (^l^/jj == for all q > 0. 

Using Corollary 3.10 to identify the restriction n| yj, [^^ with Q^^ for all points 

t E Ta and all fibres Ef := 7i~^{t) c E^, Equation (6.10.4) will in turn follow from 
the stronger claim that 

(6.10.5) H° (Ef, n|J = 0, for all t e To, and all q > 0. 

To prove (6.10.5), recall that X° is a kit base space. A fimdamental result of Hacon- 
McKernan [i iah./ , Cor. 1.5(1)] thus implies that fibres Ef, being fibres of the bira- 
tional resolution map tt, are rationally chain connected. The vanishing asserted 
in (6.10.5) is therefore an immediate consequence of the non-existence of torsion- 
free forms in rationally chain connected spaces, as asserted in Theorem 4.1. □ 

Remark 6.11. Using the standard fact that kit base spaces have rational singulari- 
ties, it might be possible to give a proof of Lemma 6.10 using Namikawa's analysis 
of mixed Hodge structures, [NamOla, Lemma 1.2], rather than the more elemen- 
tary Theorem 4.1 

Corollary 6.12 (Restriction of a to E° comes from a form r]° on T°). In the setup of 
Section 6.1.2, there exists a unique torsion-free form t]° E H^[T°, Cljo) such that 

(6.12.1) rftfreei°(?) =rftfree(7r|E»)('/°), 

where i° : E° ^ X° denotes the obvious inclusion. □ 

6.1.4. Proof of Lemma 6.5: construction of a differential form on an open set ofZ. Con- 
sider the non-empty, Zariski-open set Z° := f^^{T°) C Z. We obtain a torsion-free 
form 

(6.12.2) T° := (rftfree(/lzo))('/°) G H° {Z° , n|„). 

The following elementary lemma summarises what we know about t°. In essence, 
it shows that the form t° satisfies Equation (6.1.2) on the open set Z°. 

Lemma 6.13 (The form t° satisfies Equation (6.1.2) on the open set Z°). Setting as 
above. Given a smooth variety V and morphisms a, g forming a commutative diagram as 
in (6.1.1) of Proposition 6.1, 



(6.13.1) 




set V° :=g~i(Z°). Then 

(6.13.2) (rftfree(«|v°))(^) = (rftfree(g|v°)) 

Proof. It follows from commutativity of Diagram (6.13.1) and from Assumption 6.8 
that the image of the restricted morphism fl|yo is contained in the divisor E° C X. 
In other words, there exists a factorisation 

a\yo 



(6.13.3) 
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Equation (6.13.2) then follows easily from the composition law for pull-back of 
torsion-free differentials formulated in Lemma 2.9 and from the commutativity of 
the diagrams considered so far. 

{dthee{g\v^)){-^n = {dtiree{g\vo)od,i,,,if\zo)){ii°) Definition of T° in (6.12.2) 

= (i^tfree^ ° ^tfree('^lE°)) ('Z") Commutativity of (6.1.1) 

= (litfree^ ° ^^tfree'") {^) Equation (6.12.1) 

= (dtfree(^lt/o)) ('^) Factorisation (6.13.3). 

This finishes the proof of Lemma 6.13. □ 

Remark 6.14 (Viewing t° as a Kahler differential). The varieties V, V°, Z and Z° are 
smooth by Assumption 6.7. The spaces H°(Z°, n|o) and H°(Z°, n^„) therefore 
agree, allowing us to view the torsion-free form t° e (Z°, O^o) as a Kahler dif- 
ferential, say T^ai^igj £ H'^(Z°, O^o). Since av° and g\v° are morphisms between 
smooth spaces, the pull-back notions for torsion-free forms and Kahler differen- 
tials agree. Equation (6.14.1) therefore implies the following equality of Kahler 
differentials 

(6.14.1) (rfKaWer(fl|y°))(c^) = (^^Kahler(^|y°)) (^Kahler)- 

6.1.5. Proof of Lemma 6.5: construction of a differential form on Z. We show that T^gj^jgj. 
can be extended from the open set Z° to all of Z. The following criterion, essen- 
tially shown in [GKKIO], will be employed. 

Lemma 6.15 (Regularity criterion for differential forms). Setup as above. If there 
exists a smooth, irreducible variety V, a proper, generically finite surjective morphism 
g : V ^ Z and a differential form f E (V, O-) whose restriction to V° := g~^{Z°) 
agrees with the pull-back ofT^^^^^^., 

(rfKahler(^|v°))(TKahler) = "^W", 

then there exists a Kahler differential TKahler £ (2, n^) which extends T^aj^igj.- 

Proof. Recalling from Assumption 6.7 that Z is smooth, the sheaf is locally free, 
thus reflexive. We are therefore free to shrink Z by removing a suitable set of codi- 
mension two, and assume without loss of generality that g is actually finite. For 
finite morphisms between smooth spaces. Lemma 6.15 has already been shown in 
[GKKIO, Cor. 2.12(ii)]. □ 

Corollary 6.16 (Regularity of t). Setting as above. Then there exists a Kahler differential 
TkaWer £ H°(Z, Q^) wliich extends r^^^^^- 

Proof. Recall from Remark 6.4 there always exist smooth varieties V and mor- 
phisms a, g forming a Diagram as in (6.1.1), where g is generically finite. Setting 
V° := g~^{Z°) as before. Equation (6.14.1) of Remark 6.14 asserts that the differ- 
ential form (dKaWer(S'|v°)) ("^Kahler) initially defined only on V° extends to give a 
regular differential form on all of l/,namely ('^Kahler(^|y°)) (c*^)- Lemma 6.15 there- 
fore applies. □ 

6.1.6. Proof of Lemma 6.5: end of proof. Given a smooth variety V and morphisms a, 
g forming a Diagram as in (6.1.1), we need to show that Equation (6.1.2) holds. We 
have seen in Lemma 6.13 and Remark 6.14 that the equation holds on Z°. Since 
Z is smooth by Assumption 6.7, the sheaf is torsion-free. Since Z° is open 
in Zariski topology, hence dense. Equation (6.1.2) holds everywhere, as required. 
This finishes the proof of Lemma 6.5. □ 
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6.2. Proof of Proposition 6.1. To prove Proposition 6.1, assume that we are given 
a morphism of kit base spaces, / : Z — t- X, and a reflexive p-form on X, say 

creH^X, dp). 

6.2.1. Proof of Proposition 6.1: Existence of the form r. The weak version of Proposi- 
tion 6.1 shown in Lemma 6.5 asserts the existence of a resolution map tt : X — > X 

and a reflexive p-form t E H^(Z, H^') satisfying universal property (6.1.2). To 
prove Proposition 6.1, we will show that the form t satisfies the stronger require- 
ments of Proposition 6.1. To this end, assume we are given an arbitrary resolution 
of singularities n' : X' ^ X with form a' E (X', O - ), a smooth variety V and 

morphisms a', g' forming a commutative diagram as in (6.1.1). We need to show 
that the following equation holds, 

(6.16.1) rfKahler«'(^') = ^Kahlerg' ( ^ I Z.eg ) & H^V, O^). 

To this end, choose a component of the fibred product X' x x X that surjects onto 
X, and let X be a desingularization of that component. We obtain a resolution of 
singularities tt : X — > X that dominates both Xj and Xj . In a similar vein, choose a 
component of V' Xx X that surjects onto V. Desingularising, we obtain a smooth 
variety V and a large commutative diagram of morphisms between varieties. 




Observing that the pull-back of the forms cr and cr' to the common resolution X 
agree on the preimage of Xreg, we obtain an equality of differential forms, 

(6.16.2) ^^KahlerP'(c^') = t^KahIerP(c*')- 

An application of Lemma 6.5 with a = p o a" , g = g' o g" therefore yields the 
following chain of equalities, 

(^Kahler^" ° ^^Kahler^') (t) = (^^Kahlerfl" ° ^^KahlerP) (c^) Lemma 6.5 

= (dKahlerfl" ° ^^KahlerP') (5") Equation (6.16.2) 

= (dKahlerg" ° dKahlerfl') (^') Equality p' o a" = a' o g" 

Equality (6.16.1) now follows because g" is surjective and dKahler^" therefore injec- 
tive. We have thus shown that t satisfies the requirements of Proposition 6.1. 

6.2.2. Proof of Proposition 6.1: Uniqueness of the form t. Remark 6.4 asserts the ex- 
istence of a diagram as in (6.1.1). Choosing one such diagram, it follows from 
surjectivity of g that the restriction-and-puU-back map 

hO(z, dp) ^ H°{v, n^), ^ ^ a^^ueMz,,,) 



is injective. Equation (6.1.2) therefore determines the reflexive form t uniquely. 
This finishes the proof of Proposition 6.1 □ 
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7. Proof of Theorem 5.2 

7.1. Proof of Theorem 5.2: Uniqueness of the functor. Assume we are given two 
fiinctors rfjg£[ and d^^^ which satisfy the conditions of Theorem 5.2. Given any 
morphism of kit base spaces, f : Z ^ X, denote the two associated pull-back 
maps of reflexive differentials by 

dlj : H\X, nW) ^ H\Y, dp) and d^J : H\X, Cl^) ^ H%Y, dp), 
respectively. To prove Theorem 5.2, we need to show that 
(7.1.1) di^f = dlj. 

This equality will be established in the remainder of the present Section 7.1. 

7.1.1. Proof of uniqueness in special cases. Before proving Equality (7.1.1) in general, 
we treat two special cases first. 

Lemma 7.2. If there exists a dense open subset Z° C Z with inclusion i : Z° ^ Z such 
that 

(7.2.1) dJefl(/°0=4fl(/°0, 
then Equation (7.1.1) holds. 

Proof. By functoriality. Assumption (7.2.1) translates as 

'^refl' ° d^af = dial o d^Qf. 

To prove Lemma 7.2, it will therefore suffice to show that d^^i = d^^i, and that 
these maps are injective. That, however, follows immediately from compatibility 
with Kahler differentials, as formulated in Diagram (5.2.2) of Theorem 5.2: given 

any reflexive form cr e H^{Z, Ci^), then 

('^JeflO('^)|z=,g = (^KahlerO('^lz^eg) = (4flO (^) lz=,g- 

Observe that this determines (d'^g^i) {a) uniquely. □ 
Lemma 7.3. Iff is surjective, then Equation (7.1.1) holds. 

Proof. It is clear by assumption that the open set Z° := Zreg H /~^(Xreg) C Z is 
not empty. Compatibility with Kahler differentials then asserts that ^^Jgfi(/ oi) = 
drefiif ° 0' where f : Z° — > Z is the obvious open immersion. Lemma 7.2 therefore 
applies. □ 

7.1.2. Proof of uniqueness in general. Next, we treat the general case. To this end, 
consider a commutative diagram 



strong resolution of 
singularities 



where Z is a desingularization of a component of the fibre product Z x x X which 
surjects onto Z. Using Lemma 7.2, we may replace Z with a dense open subset 
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and assume without loss of generality that Z is smooth. The following identities 
are now immediate consequences of compatibility with Kahler differentials. 

(7.4.1) dJgflTT = dJgflTT by Lemma 7.3 

(7.4.2) ^refl/ ~ '^refl/ ~ ^Kahler/ by (5.2.2) Since Z and X are smooth 

(7.4.3) dl^QTZz = d'^^QTZz = i^KahlerTTz by (5.2.2) since Z and Z are smooth 
The equalities have several consequences. First, we see that 

rfJgfl(7T o /) = (djgfi/) o (dJgfjTT) fimctoriality of d^efl 

= (4fl/) °^4fl^) by (7.4.1), (7.4.2) 

= d^gfi {no f) functoriality of d^^p^. 

Since n o f = f o nz, this immediately implies that 

(7.4.4) (dJgflTTz) O idlj) = {di^TZz) O (4fl/) 

But since d^^pjiz and d'^^^rcz are both equal to the standard pull-back of Kahler dif- 
ferentials, and since nz is surjective, it is clear that two forms tr, t on Z agree if and 
only if djgf^7rz(cr) = d'^^pjiz{T). Equation (7.4.4) therefore implies Assertion (7.1.1), 
finishing the proof of the uniqueness statement in Theorem 5.2. □ 

7.2. Proof of Theorem 5.2: Existence of the functor. Given a morphism / : Z ^ 
X of kit base spaces, we define an associated pull-back mapping of reflexive dif- 
ferential forms, 

by sending a given reflexive form a G W(X, H^') to the unique form t g 

H0(Z, n^l) whose existence is asserted in Proposition 6.1. We need to show that 
the so-defined dj-gfl satisfies the composition law. To this end, consider a sequence 
of morphisms between kit base spaces, say /' : Z' — )■ Z and / : Z — t- X. We need 
to show that 

(7.5.1) (drefl/'°W)('^) = {drefiif o f')){a) ioreA\aeH%X,d$). 

To prove (7.5.1), choose desingularisation p : Z ^ Z, choose a component of 
Z X X X that surjects onto Z, and let Z be a desingularisation of that component. 
Further, choose a component of Z x z Z' that surjects onto Z', and let V be a desin- 
gularisation of that component. In summary, we have constructed smooth spaces 
Z, Z and V fitting into a commutative diagram 



(7.5.2) 




The following reflexive forms, defined as explained above using Proposition 6.1, 
will appear in the computation 

a := d^^^n{ij) t := d^^f^f {a) f := d^^^pir). 
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We have seen in Remark 6.3 that this definition implies that cr is the unique differ- 
ential form on X that agrees with the pull-back a at points where n is isomorphic. 
The analogue statement holds for t and t, so that our notation is consistent with 
the notation used earlier. A repeated application of Proposition 6.1, using the fact 
that two reflexive forms on a normal space agree if they agree on the smooth locus, 
now shows the following 

diengiidreaf ° d^eiif) (t^)) = dreagidrefif (t^)) Definition of T 

= d^giia{f) Proposition 6.1 for /' 

= {d^gQci o d^gfiq) (f ) Remark 6.3, Diag. (7.5.2) 

= {dj-^Qa o drgfl/i) (a) Proposition 6.1 for / 

= '^refl^(^^refl(/ ° /') i^)) Proposition 6.1 for / o /'. 

Since g is surjective. Remark 6.3 immediately implies that d^enS is injective. Equa- 
tion (7.5.1) therefore follows from the computation. In summary, we have shown 
that the definition of pull-back given above does satisfy the composition law. This 
finishes the proof of the existence statement in Theorem 5.2. □ 

Part in. Appendix 

Appendix A. Torsion sheaves on reducible spaces 

In Parts I and II of this paper, we need to discuss torsion sheaves and torsion- 
free sheaves on reducible spaces. While no fundamental issues arise, it seems 
that almost all standard books, such as [Har77], [Gro60] or [GR84] restrict them- 
selves to the reducible case. The few existing references touch the subject only 
very briefly. For completeness' sake, we have thus chosen to recall the relevant 
definitions and to include proofs of all the properties used in this paper. 

A.l. The definition of torsion sheaves. We briefly recall the definition of torsion 
sheaves given in [DG71, 1.8]"', see also [Gro67, §20.1]. 

Notation A.l (Sheaf of rational functions, [ncyi , 1.8.3]). Let X be a reduced, quasi- 
projective scheme. We denote the sheaf of rational functions on X by ^x- 

Explanation A. 2. In the setting of Notation A.l, the sheaf of rational fimctions is 
quasi-coherent. If X° C X is an affine open set, say X° = Spec A, then £ix{X°) 
is the ring of rational functions on X. This ring is isomorphic to the localisation 
S^^A, where S is the multiplicatively closed set of non-zerodivisors in A. 

Definition A.3 (Torsion sheaf, [DG71, 1.8.4]). Let X be a reduced, quasi-projective 
scheme and ip : ffx ^ ^he natural inclusion of the structure sheaf into the sheaf of 
rational functions. Given a coherent sheaf ^ of &x-^odules consider the natural map ip^^ 
given as the composition of the following maps, 

^ ld,^0ff If) 

^ — > Gx ^ ^ ^x- 

Define the torsion subsheaf o/^ as tor ^ := keri/;,^. The sheaf ^ is called torsion 
sheaf if'^,^ = 0, and torsion-free if^,^^ is injective. 

Explanation A.4. In the setting of Definition A.3, let X° C X be any affine open 
set, say X° = Spec A. Denoting the A-module associated with the sheaf ,^ by 
F := ^(X°), the sheaf 3Sx of Definition A.3 is expressed as follows, 

^ = «>*x {5-^ Ay = (F ®A S-^Ay = (S^^F)-. 



^The definition presented here is found in [ ] but not in [Gro60]. At the time of writing this 
paper, the book [DG71] was not listed on MathSciNet and did not show on www . springer . com. 
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In summary, we see that a section £7 g ^(x°) is a section of the torsion subsheaf 
tor ^ if and only if there exists a non-zerodivisor / E &x{X° ) which annihilates it. 
In particular, cr is a section of the torsion subsheaf if and only if there exists dense 
open U CX° such that o-\u = 0. 

Remark A. 5 (Torsion-free sheaves that are zero on open sets). Torsion-free sheaves 
on reducible spaces can restrict to the zero sheaf on a Zariski-open set, as long as 
the set is not dense. 

A. 2. Elementary properties. Definition A. 3 ensures that essentially all properties 
known from torsion-free sheaves on irreducible spaces also hold in the more gen- 
eral setting of reduced quasi-projective schemes — except perhaps the feature men- 
tioned in Remark A. 5 above. The following properties have been used in this pa- 
per. 

Proposition A.6 (Universal property of torsion-freeness). Let Xbe a reduced quasi- 
projective scheme, and : .!P a morphism of coherent sheaves of &x-^odules. Then 
there exists a unique morphism ^ making the following diagram commutative, 

<P 

^ ^<t§ 

quotient 



quotient 

I tor — ^ I tor . 



If" 1/7 is injective, then ^ is injective as well. 

Proof. Observing that ,^ / tor = Image ip,^ and ^/ tor = Image i/^&f, the claim is 
immediate from right-exactness and from universal properties of the tensor prod- 
uct. □ 

Corollary A.7 (Subsheaves of torsion-free sheaves are torsion-free). Let Xbe a re- 
duced quasi-projective scheme, and ^ a torsion-free coherent sheaf of i^x-'^odules. If^ is 
any subsheaf of ffx-^odules, then ^ is likewise torsion-free. □ 

Proposition A.8 (Push-forward of torsion-free is torsion-free, compare [DG71, 
I. Prop. 8.4.5]). Let Xbe a reduced quasi-projective scheme. If i : Xq ^ X denotes 
the inclusion map of one irreducible component, and if ^ is a torsion-free coherent sheaf 
on Xq, then is a torsion-free coherent sheaf on X. 

Proof. Let X° C X be any affine open subset. If X° is disjoint from Xq, then (*^|xo 
is the zero sheaf, which is torsion-free. 
Now assume that X° n Xq 7^ 0, and let 

ere (tor/*^)(X°) C ((,^)(X°) 

be any section, with associated section t g ^(X° n Xq). We need to show that 
(T = 0, or equivalently t = 0. To this end, let X^ c X denote the union of all 
irreducible components different from Xq. Let LI C X° be a dense open subset 
that that a\u = Q. The set LI° := LI fl (Xq \ Xi) is then open and dense on Xq and 
(7 1 (JO = 0. In particular, t|(jo =0. Since ^ is torsion-free, this shows that t = 0, as 
claimed. □ 



Proposition A.9 (Injectivity of morphisms). Let X be a reduced, quasi-projective 
scheme and (p : ^ ^ a morphism of coherent sheaves of ^x-^odules. Assume that 
is torsion-free. If Y C X is a closed subset such that 

(A.9.1) Y does not contain any irreducible component ofX, and 

(A.9. 2) the restricted morphism (p\x\Y injective. 
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then (p is injective. 

Proof. Assume we are given an affine open set X° C X and a section a E ker cp. 
Observe that U := X° \ Y is dense in X°, and that a\i[ = 0. Since ^ is torsion-free 
this implies that (j = 0. □ 
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